Introduction {#Sec1}
============

Extended theories of gravity are semi-classical approaches where the effective gravitational Lagrangian is modified, with respect to the Hilbert--Einstein one, by considering higher-order terms of curvature invariants, torsion tensor, derivatives of curvature invariants and scalar fields (see for example \[[@CR1]--[@CR4]\]). In particular, taking into account the Ricci, Riemann, and Weyl invariants, one can construct terms like $\documentclass[12pt]{minimal}
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                \begin{document}$$W^{\mu \nu \delta \sigma }W_{\mu \nu \delta \sigma },$$\end{document}$ that give rise to fourth-order theories in the metric formalism \[[@CR5], [@CR6]\]. Considering minimally or nonminimally coupled scalar fields to the geometry, we deal with scalar--tensor theories of gravity \[[@CR7], [@CR8]\]. Considering terms like $\documentclass[12pt]{minimal}
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                \begin{document}$$R\Box ^k R$$\end{document}$, we are dealing with higher-than fourth-order theories \[[@CR9], [@CR10]\]. *f*(*R*) gravity is the simplest class of these models where a generic function of the Ricci scalar *R* is considered. The interest for these extended models is related both to the problem of quantum gravity \[[@CR2]\] and to the possibility to explain the accelerated expansion of the universe, as well as the structure formation, without invoking new particles in the matter/energy content of the universe \[[@CR4]--[@CR15]\]. In other words, the attempt is to address the dark side of the universe by changing the geometric sector and remaining unaltered the matter sources with respect to the Standard Model of particles. However, in the framework of this "geometric picture", the debate is very broad involving the fundamental structures of gravitational interaction. Just to summarize some points, gravity could be described only by metric (in this case we deal with a metric approach), or by metric and connections (in this case, we are considering a metric-affine approach \[[@CR16]\]), or by a purely affine approach \[[@CR17]\]. Furthermore, dynamics could be related to curvature tensor, as in the original Einstein theory, to both curvature and torsion \[[@CR18]\], or to torsion only, as in the so-called *teleparallel gravity* \[[@CR19]\].

Starting from these original theories and motivations, one can build more complex Lagrangians, by using different combinations of curvature scalars and their derivatives, or topological invariants, such us the Gauss--Bonnet term, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {G}$$\end{document}$, as well as the torsion scalar *T*. Many theories have been proposed considering generic functions of such terms, like $\documentclass[12pt]{minimal}
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                \begin{document}$$f(R, \mathcal{G})$$\end{document}$, and *f*(*R*, *T*) \[[@CR20]--[@CR44]\]. However, the problem is *how many* and *what kind* of geometric invariants can be used, and, furthermore, what kind of physical information one can derive from them. For example, it is well known that *f*(*R*) gravity is the straightforward extension of the Hilbert--Einstein case which is $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T)=T$$\end{document}$. However, if one wants to consider the whole information contained in the curvature invariants, one has to take into account also combinations of Riemann, Ricci, and Weyl tensors.[1](#Fn1){ref-type="fn"} As discussed in \[[@CR26]\], assuming a $\documentclass[12pt]{minimal}
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                \begin{document}$$f(R, \mathcal{G}$$\end{document}$ theory means to consider the whole curvature budget and then all the degrees of freedom related to curvature.

Assuming the teleparallel formalism, a $\documentclass[12pt]{minimal}
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                \begin{document}$$T_\mathcal{G}$$\end{document}$ is the torsional counterpart of the Gauss--Bonnet topological invariant, means to exhaust all the degrees of freedom related to torsion and then completely extend *f*(*T*) gravity. It is important to stress that the Gauss--Bonnet invariant derived from curvature differs from the same topological invariant derived from torsion in less than a total derivative, as we will show below, and then the dynamical information is the same in both representations. According to this result, the topological invariant allows a regularization of dynamics also in the teleparallel torsion picture (see \[[@CR26], [@CR45]\] for a discussion in the curvature representation).

The layout of the paper is the following. In Sect. [2](#Sec2){ref-type="sec"}, we sketch the basic ingredients of the $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T_\mathcal{G},T)$$\end{document}$ theory showing, in particular, the equivalence between $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal G$$\end{document}$. Section [3](#Sec3){ref-type="sec"} is devoted to a derivation of the cosmological counterpart of the theory and to the derivation of the Noether symmetry. The specific forms of $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T_\mathcal{G},T)$$\end{document}$ function, selected by the Noether symmetry, are discussed in Sect. [4](#Sec4){ref-type="sec"}. Cosmological solutions are given in Sect. [5](#Sec7){ref-type="sec"}. Conclusions are drawn in Sect. [6](#Sec8){ref-type="sec"}.
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==============================================================================

In order to incorporate spin in a geometric description, as well as to bring gravity closer to its gauge formulation, people started, some years ago, to study torsion in gravity \[[@CR18], [@CR19]\]. An extensive review of torsional theories (teleparallel, Einstein--Cartan, metric-affine, etc.) is presented in \[[@CR1]\]. If in considering the action of the teleparallel theory, i.e. in a curvature-free *vierbein* formulation, we replace the torsion scalar, *T*, with a generic function of it, we obtain the so-called *f*(*T*) gravity \[[@CR46]--[@CR49]\],

In this paper, we will study a theory whose Lagrangian is a generic function of the Gauss--Bonnet-teleparallel term, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{L}_m$$\end{document}$ is the standard matter that, in the following considerations, we will discard. It is important to note that the field equations of *f*(*T*) gravity are of second order in the metric derivatives and thus simpler than those of *f*(*R*) gravity, which are of fourth order \[[@CR1]\].
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The torsion scalar is given by the contraction$$\documentclass[12pt]{minimal}
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Imposing the teleparallelism condition, the torsion scalar can be expressed as the sum of the Ricci scalar plus a total derivative term, i.e.$$\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{R}$$\end{document}$ here is the Ricci scalar corresponding to the Levi-Civita connection and *h*, as above, is the determinant of the metric. Following \[[@CR28]\], the teleparallel equivalent of the Gauss--Bonnet topological invariant can be obtained:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h \mathcal {G} = h T_{\mathcal {G}} + \text {total derivative}, \end{aligned}$$\end{document}$$where the Gauss--Bonnet invariant, in terms of curvature, is$$\documentclass[12pt]{minimal}
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The field equations from the action ([1](#Equ1){ref-type=""}) are then$$\documentclass[12pt]{minimal}
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In the discussion below, we will consider the Friedmann--Robertson--Walker (FRW) cosmology related to $\documentclass[12pt]{minimal}
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                \begin{document}$$f(\mathcal{G},T)$$\end{document}$, and we search for Noether symmetries in order to fix the form of the function *f* and to derive exact cosmological solutions.

Searching for Noether symmetries {#Sec3}
================================

Let us consider a a spatially flat FRW cosmology defined by the line element$$\documentclass[12pt]{minimal}
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In order to solve the above system, we have to make some assumptions. There are two ways to look for solutions: the first is to assume specific families of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\mathcal {G},T)$$\end{document}$ and derive symmetries accordingly, i.e. find the components of the symmetry vector. The second approach consists in imposing a specific form for the symmetry vector and then finding the form of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\mathcal {G},T)$$\end{document}$. However, in the second case, the chosen functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha , \beta , \gamma $$\end{document}$ must be a solution of the system ([27](#Equ27){ref-type=""})--([36](#Equ36){ref-type=""}). This approach is straightforward and more mathematically consistent. It consists in reducing one of the above equations, e.g. Eq. ([36](#Equ36){ref-type=""}), to a differential equation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\mathcal {G},T)$$\end{document}$, once the components of the Noether vector are assigned. As reported in \[[@CR31]\] for the case of a scalar--tensor theory with only a scalar field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$, by assigning $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$, it is possible[4](#Fn4){ref-type="fn"} to derive a constraint differential equation for the coupling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\phi )$$\end{document}$ and then for the potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\phi )$$\end{document}$. The general solution has to be discarded since it is an implicit function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\phi )$$\end{document}$ without a physical meaning and then useless. On the other hand, the particular solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\phi )=\xi \phi ^2$$\end{document}$ is physically meaningful and then can be used to find relevant cosmological solutions (see \[[@CR31]\] for details). In the present case, the constraint for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\mathcal {G},T)$$\end{document}$ is a differential equation in two variables. Achieving general solutions does not give physically relevant and workable models.

To obtain physically reliable models, the first route is more convenient. In this preliminary paper, we will adopt this strategy to find solutions choosing classes of $\documentclass[12pt]{minimal}
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In this case, the system ([27](#Equ27){ref-type=""})--([36](#Equ36){ref-type=""}) becomes slightly more complicated. As previously, we have two possible choices of the powers *k*, *m*. If $\documentclass[12pt]{minimal}
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Cosmological solutions {#Sec7}
======================
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From these considerations, it is easy to realize that any Friedmann-like, power-law solution can be achieved according to the value of *k*. For example, a dust solution is recovered for$$\documentclass[12pt]{minimal}
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Some comments are necessary at this point. Clearly, the above solutions cannot track the whole cosmological evolution but only limited phases. Achieving solutions capable of tracking completely the cosmic history could not be possible due to the fact that smooth, derivable solutions cannot account for phase transitions occurring during cosmic evolution. In \[[@CR51]\], a detailed discussion is pursued in view of providing a unified description of the cosmic evolution ranging from early-times inflation to late-times acceleration. In particular, the authors consider models like$$\documentclass[12pt]{minimal}
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                \begin{document}$$\beta _i$$\end{document}$. In such a way, the two accelerated phases of the cosmic evolutions can be achieved.

Considering the present discussion, this means that, in order to achieve cosmological models consistent with more than one phase of cosmic evolution, one need to consider more general classes of $\documentclass[12pt]{minimal}
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                \begin{document}$$f(\mathcal {G}, T)$$\end{document}$ functions coming from Noether's symmetries.

Conclusions {#Sec8}
===========

In this paper, we discussed a theory of gravity where the interaction Lagrangian consists of a generic function $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T_{\mathcal {G}},T)$$\end{document}$ of the teleparallel Gauss--Bonnet topological invariant, $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\mathcal {G}}$$\end{document}$, and the torsion scalar *T*. The physical reason for this approach is related to the fact that we want to study a theory where the full budget of torsional degrees of freedom are considered. Furthermore, it is easy to show that, from a dynamical point of view, the Gauss--Bonnet invariant, derived from curvature, $\documentclass[12pt]{minimal}
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After these considerations, we searched for Noether symmetries in the cosmology derived from this model. We showed that specific forms of $\documentclass[12pt]{minimal}
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                \begin{document}$$f(\mathcal {G},T)= f_0 \mathcal {G}^kT^{1-k}$$\end{document}$ results particularly interesting and, depending on the value of *k*, it is possible to achieve all the behaviors of standard cosmology as particular solutions.

Clearly, other cases can be considered and a systematic approach to find other solutions can be pursued. This will be the argument of a forthcoming paper where a general cosmological analysis will be developed.

Clearly, this means that we are not considering higher-order derivative terms like $\documentclass[12pt]{minimal}
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                \begin{document}$$\Box R$$\end{document}$, or derivative combinations of curvature invariants.

See Sect. 3 of \[[@CR28]\] for the detailed derivation and discussion.

There exists a symmetry even if the Lagrangian changes by a total derivative term, but we will discuss the simplest case.

In this case, the configuration space is $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {TQ}} = \{a, \dot{a},\phi ,\dot{\phi }\}$$\end{document}$. and then we need only two components $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ for the Noether vector.

See Eqs. (455)--(457) in the review paper \[[@CR1]\] and the discussion in \[[@CR12]\].
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                \begin{document}$$f(\mathcal {G},T)= f_0 \mathcal {G}^{1-k}T^{k}$$\end{document}$ gives a symmetry.
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